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We present a detailed study of a clamped ribbon-like filament under a compressive active force
using Brownian dynamics simulations. We show that a clamped ribbon-like filament is able to cap-
ture beating as well as rotational motion under the compressive force. The nature of oscillation is
governed by the torsional rigidity of the filament. The frequency of oscillation is almost independent
of the torsional rigidity. The beating of the filament gives butterfly shape trajectory of the free-end
monomer, whereas rotational motion yields a circular trajectory on a plane. The binormal correla-
tion and the principal component analysis reveal the butterfly, elliptical, and circular trajectories of
the free end monomer. We present a phase diagram for different kinds of motion in the parameter
regime of compressive force and torsional rigidity.
I. INTRODUCTION
Understanding the collective dynamics of active agents
are much on focus in recent years. These active agents,
such as mammalian heard, birds flock, colonies of mi-
croorganisms such as bacteria, collection of biological
cells, and synthetic micro-swimmers, span a broad spec-
trum of length scales and timescales [1–11]. Though the
elements of these active systems bear vast diversity in
both individual character as well as in mutual interac-
tions, one can capture much of the essential physics uti-
lizing minimal models [3, 12–16]. A subset of such mini-
mal models is active filaments [17–24], which help to gain
an understanding of a large class of problems involving
elongated self-propelling elements [7]. It is well known
that a filament with finite flexibility, when constrained
at one end, shows interesting oscillatory dynamics [25–
31]. In studies which consider fluid mediated interac-
tions, such oscillations are consequence of hydrodynamic
instability [27]. Interestingly, in ‘dry’ systems where the
fluid mediated interactions are not present, such oscilla-
tions arise as a result of an elastic instability, via ‘follower
forces’ [25, 32].
A simple experimental realization of active filaments
would be a linear chain of connected active particles, each
of them propels along the local tangent of the chain [17–
23]. The control parameter here is the self-propulsion
speed of active particles, which causes compressive stress
along the filament. These kind of active stresses have
been observed in the system of microtubules and molec-
ular motors, where a motor slides over the filament and
causes motility. A collection of these filaments and mo-
tors on the surface shows various emergent phases and
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defects [33–36]. If we impose translational and rotational
restrictions on one end of the filament, beyond a thresh-
old propulsion speed, the compressive stress causes the
filament to buckle. The imposed restriction provides a
coupling between the filament shape and the active com-
pressive stresses, which results oscillation of the filament
with a fixed frequency. Interestingly, the filament’s oscil-
lations caused by this mechanism have many qualitative
similarities to the oscillations of eukaryotic flagellum [37–
40]. The beating motion of eukaryotic flagella and cilia
has significant functions in biology, in the context of lo-
comotion of microorganisms, micro-scale fluid pumping
in various organelles, development of embryos, etc [41–
44]. Though eukaryotic flagella and cilia are highly com-
plex in the structure, recent experiments suggest sim-
ilar oscillations in much simpler in vitro systems [45].
More recently, experiments on the filaments made of
synthetic active particles have shown flagella-like beat-
ing motion [46]. These recent advances in the develop-
ment of artificial systems that mimic flagellar oscillations
strengthen the possibility of experimental realization of
micropumps based on the flagellar beating [47]. For de-
signing an artificial system that mimics flagellar oscil-
lations, the follower force mechanism is a natural candi-
date. It is therefore essential to systematically character-
ize the various dynamical regimes of models that provide
oscillatory dynamics in the elastic filaments.
Previous studies have well characterized the dynamical
regimes of oscillations in two-dimensions. However, a sys-
tematic analysis of the dynamics as a function of various
mechanical control parameters is still lacking. Further, to
analyze a filament in 3D, one has to consider the torsional
rigidity of the filament in addition to the bending rigidity.
Here, we study the beating motion of a composite fila-
ment, realized by connecting three semi-flexible filaments
in parallel using elastic spring potentials. The ribbon-like
arrangement naturally provides torsional rigidity to the
filament. In this article, we study the dynamics of an
active ribbon-like filament in three dimensions. The fil-
2ament model includes both bending and torsional rigidi-
ties, whose strength we can control using parameters of
the rigidity potential. Our analysis reveals the influence
of activity and ratio of bending and torsional rigidities of
the filament on its dynamics.
The article is organized as follows: The simulation
model of the clamped ribbon is discussed in section II.
All the results are presented in section III. Results are
concluded in the summary section IV.
II. MODEL
We consider a thin ribbon made of a parallel assembly
of three stiff protofilaments (see Fig. 1a). Each protofil-
ament consists Nm monomers with spatial position ri,
connected by harmonic potential of the rest length ℓ0. To
arrange the protofilaments into a ribbon, we also connect
the monomers of adjacent protofilaments via quadratic
elastic potentials. Each monomer is connected to its im-
mediate neighbors (to its left and to its right) of the
neighboring protofilaments via a harmonic potential of
the rest length ℓ0. Additionally, we also implement diag-
onal connections between monomers of different protofil-
aments via harmonic potential of rest length
√
2ℓ0 (see
Fig. 1). This way, each monomer is connected to maxi-
mum eight other monomers in the ribbon. This arrange-
ment ensures an equilibrium distance between the center-
lines of a pair of adjacent protofilaments to be l0, same
as the equilibrium bond length in a protofilament.
The bond potential energy is expressed as Us,
Us =
κs
2
3Nm∑
i=1


′∑
j∈N1
(|Ri,j | − ℓ0)2 +
′∑
k∈N2
(|Ri,k| −
√
2ℓ0)
2

 .
(1)
Here, κs is the spring constant and Ri,j = ri − rj is
the bond vector between a pair of monomers. The sum-
mation in j and k are over nearest neighbors N1 and
next nearest neighbors N2 of i
th monomer. We impose
two bending potentials to restrict curvatures in two di-
rections. The first bending potential suppresses angular
fluctuations between tangent vectors of each protofila-
ment, such that for the ribbon,
U
(1)
b =
κb
2
3∑
i=1
Nm−2∑
j=1
(
t
(i)
j+1 − t(i)j
)2
, (2)
where t
(i)
j = R
(i)
j,j+1 is the j
th tangent vector of the ith
protofilament. We impose another bending potential be-
tween three monomers of different protofilaments, which
have the same height from the clamped end at equilib-
rium. The form of potential energy is
U
(2)
b =
κb
2
Nm∑
j=1
(
d
(2,1)
j − d(3,2)j
)2
, (3)
FIG. 1. a) A schematic picture of the model of a ribbon made
from three prototype filaments with kth binormal vector (at
kth monomer) and tangent vector t
(i)
j on the i
th protofilament
(i = 3) and at jth monomer. Snapshots show different kind
of motional phases: Beating (b) and Rotational phases (c),
respectively. Different colors show the timeline of the events
as: blue, red, and green at the end. Moreover 1,2, and 3 in
(a) refers to different protofilaments.
where d
(i+1,i)
j =
(
r
(i+1)
j − r(i)j
)
, is the vector connecting
jth monomers of the protofilements i and i + 1. Apart
from the bending, we also impose a torsional potential
energy Ut in a simplified manner. This is treated as the
bending potential, which penalize the angular displace-
ment between vectors (di) on the effective bi-normal di-
rection of the ribbon, such that bi = d
(2,1)
i + d
(3,2)
i =
r
(3)
i − r(1)i , therefore the torsion energy is given as
Ut =
κt
2
Nm−1∑
i=1
(bi+1 − bi)2. (4)
To impose self-avoidance among protofilaments, we im-
plement excluded volume interaction between monomers
via WCA potential such that the pair of monomers (i, j)
separated by a distance Ri,j , Uij = 4ǫ[(σ/Ri,j)
12 −
(σ/Ri,j)
6 + 1/4] if Ri,j < 2
1/6σ and zero otherwise. The
activity causes a compressive stress on the ribbon by ap-
plying a force on the monomers of the centre protofil-
ament, of the form as Fia = −fat(2)i , where fa is the
strength of active force [20, 22, 25].
The equation of motion for a monomer of the filament
in the overdamped limit is,
γ
dri
dt
= −∇iU + Fir + Fia, (5)
here γ is the friction coefficient, Fir is white noise with
zero mean, and U is total potential energy of the filament,
given as U = Us + U
1
b + U
2
b + Ut + ULJ . The viscous
drag and the noise are related through the fluctuation-
dissipation relation, 〈Fir(t) ·Fjr(t′)〉 = 6kBTγδijδ(t− t′).
3We use Euler integration technique to solve the equation
of motion with integration step size to be in the range
of hm = 10
−3τ to 10−5τ . We arrange the protofilaments
in the z direction with y to be the vertical direction.
Thus, the y − z plane is fixed as plane of the ribbon,
whereas x − y plane is the beating plane, which will be
discussed in the latter sections. First two monomers of
each protofilaments at the basal end of the ribbon (see
Fig. 1-b) are clamped in the vertical direction.
The physical parameters such as, frequency ω, various
energies, forces, time, bending and spring constants, and
various lengths are presented in units of the bond length
ℓ0, diffusion coefficient of a monomer Dm = kBT/γ,
and thermal energy kBT . Each protofilament consists
of Nm = 100 monomers, thus total N = 300 monomers
for the ribbon. The parameters are chosen as, σ = ℓ0,
ǫ/kBT = 1, and time is in units of ts = ℓ
2
0/Dm = 1.
The spring and bending parameters are taken to be
ks = 1000kBT/ℓ
2
0, and κb = 1000kBT/ℓ
2
0, respectively.
The torsion parameter κt is varied in the range from 0
to κb. The strength of torsion parameter is expressed
in terms of ratio of torsion to bending rigidities given as
ρ = κt/κb. Thus, ρ ≪ 1 corresponds to small torsional
rigidity and ρ ≈ 1 corresponds to large torsional rigidity.
Even when ρ = 0, the model has a non-zero torsional
resistance due to the elastic force between the protofila-
ments. However in this specific model, ρ acts as a useful
control parameter to tune the torsional rigidity, which
can be directly quantified by measuring the bi-normal
persistence length (Lb) from the relaxation of bi-normal
vector of the ribbon, Cb(s) = 〈bs+s0 ·bs0〉 ∼ exp(−s/Lb)
[48]. Here, binormal vector bi at i
th monomer is pre-
sented as bs ≡ bi with s ≃ iℓ0 where arc length s varies in
dimensionless unit from 0 to 100, and s0 is always taken
at the basal end, i.e., s0 = 0. We obtain that Lb is lin-
ear function of ρ (see Fig. SI-1a). The strength of active
force is represented in terms of a dimensionless (Pe´clet)
number Pe = fal0/kBT , which we vary from 0 to 20 in
our simulations. Each physical quantity is averaged over
40 independent realizations. The hydrodynamic inter-
actions among the monomers of the protofilaments are
neglected here for the simplicity of calculation.
III. RESULTS
A straight vertically clamped ribbon goes through
buckling transition when the load or compressive force
density fa is larger than a critical value. It is well known
that for an active filament in 2D, the buckling transi-
tion leads to an oscillatory motion since the local active
force follows the local tangent [25, 49–51]. However, in
the case of a ribbon, the torsional rigidity contributes an
additional elastic component which acts against induced
deformations. This factor modifies the periodic oscilla-
tions observed in filaments without torsional rigidity and
leads to new dynamical states. We systematically study
the filament’s dynamics as a function of Pe by varying
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FIG. 2. Dependence of frequency on the active force. The
solid line illustrates the power law behavior of the oscillation
frequency. Inset shows power-spectrum of the projection of
end monomer on the clamped plane for ρ = 0.25 and fa = 1.
the torsional contribution to total elasticity by chang-
ing the parameter ρ. For a sufficiently large Pe, we ob-
serve in-plane periodic oscillations (Fig 1-b) in the limit
of large torsional rigidity ρ → 1, whereas for negligible
torsional rigidity, we observe out-of-plane, circular oscil-
lations (Fig 1-c). Further analysis reveals that the free
end of ribbon exhibits butterfly and elliptical trajectories
for the intermediate values of ρ. We also quantify these
phases by calculating binormal correlations and the dis-
tribution of the angle made by the clamped-to-end vector
to the vertical axis.
A. Periodic motion of filament
To quantify oscillation of ribbon for large Pe and to
calculate the frequency, we record the time-series data of
the deflection of the end in the x direction. For planar
oscillations (when ρ → 1), the x deflection provides the
oscillation amplitude of the end segment, whereas in the
case of non-planar oscillations (when ρ ≪ 1) this quan-
tity is useful to analyse the oscillation cycles. In Fourier
space, the peak of the power-spectrum of this time-series
provides the frequency and ascertains the oscillatory be-
havior of the filament (Fig. 2). The peak identifies the os-
cillation frequency (ω) for the corresponding time-series
data. We estimate ω for different strengths of Pe as well
as for different torsion parameters. We find that ω grows
with Pe and follows the scaling relation ω ∼ Pe4/3 as
reported earlier [25, 49]. Interestingly, ω shows a weak
dependence on the torsion rigidity parameter ρ = κt/κb.
As reflected in Fig. 2, the values of oscillation frequencies
are nearly same for a given Pe for all values of ρ.
Our analysis reveals that the scaling behavior ω ∼
Pe4/3 is retained even for non-planar oscillations when
ρ ≪ 1. The same scaling behavior is obtained in planar
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FIG. 3. Distribution of angles of clamped-to-free end vector
from the clamped axis for a) ρ = 0 and b) ρ = 1. Inset of
figure b) displays distribution of θ at Pe = 4 for various ρ.
beating of a filament in 2D, also due to follower force
mechanism [25]. In the case of 2D filament, the scaling
behavior can be derived from a balance of energy dissi-
pation due to viscous friction and the energy input from
active forces over a characteristic length-scale λ and a
characteristic time ω−1. Here the time-scale ω−1 is given
by the period of oscillation. The length-scale λ is the
bending length-scale which scales as (κ/Pe)1/3. There-
fore, the scaling ω ∼ Pe4/3 indicates that the oscillations
in x deflection is same as bending oscillations observed in
2D filaments. To check the presence of additional active
oscillations other than bending at ρ ≪ 1, we compute
the time evolution of (i) the azimuthal angle of the fila-
ment end during the rotational motion and ii) the local
torsional parameter χti and calculate their oscillation fre-
quency (SI). However, all these frequencies coincide with
the bending frequency. Our analysis confirms that the
bending oscillation are the dominant mode of oscillation
which controls all other types of oscillations in the sys-
tem.
B. Trajectory of Periodic motion
The power spectrum of clamped-to-free end distance
confirms the periodic nature of the motion and the scal-
ing relation of ω with Pe. We further extend our analysis
to distinguish in-plane and out-of-plane motion in detail
by quantifying the trajectory of oscillations. We first cal-
culate the angle between clamped-to-free end vector of
the ribbon and the vertical axis (y-axis) such that, θ =
cos−1(eˆ.eˆy), where eˆ is the unit vector along clamped-
to-free end of the ribbon. For a perfectly straight ribbon
along the vertical axis, θ is zero. However in equilibrium,
thermal fluctuations cause weak bending about the ver-
tical axis thus leading to non-zero, albeit small value for
average θ. Thus, for Pe = 0, the distribution of θ (P(θ))
displays a maximum around θ ≃ 0.1 (in radian) as shown
in (Fig 3). In the case of Pe > 1, the active compres-
sive force causes the filament to bend more, leading to a
larger θ and a significantly different P(θ). When ρ = 0,
we observe a gradual shift in the peak position of P (θ)
with Pe, which saturates around θ ≃ 0.6 at large values
of Pe (Fig. 3-a). A single peak in P (θ) and a well defined
ω, as evident from the power-spectral density, confirms
that the end-to-end vector of the ribbon follows a cone
with an average angle θ in the absence of torsional rigid-
ity (ρ = 0). This is also visible from the simulation video
(SI-MOVIE-1). For high torsional rigidity i.e. ρ ≃ 1,
the distribution P(θ) is qualitatively different for Pe > 1
in comparison with ribbon with ρ = 0 (see Fig. 3). In
this case, P(θ) is nearly uniformly distributed in a wide
range of θ, and this range broadens with an increase in
Pe. The broad and nearly uniform distribution of θ indi-
cates a planar motion of the clamped-to-free end vector
and suggests a planar beating motion of the ribbon as
observed in the case of 2D filaments (see SI-MOVIE-2).
To unveil the role of ρ, we plot P (θ) for various ρ’s at a
fixed Pe in the inset of Fig. 3. We observe that the peak
in distribution broadens with ρ in the range of ρ = 0 to
ρ = 1. A peak at ρ = 0 becomes almost flat for ρ > 0.25,
which suggests the transition in its motion.
Two asymptotic limits in terms of torsional rigidity
are ρ = 0 and ρ = 1. Here, we observe an out-of-plane,
rotational motion (ρ = 0) where the end of the ribbon
follows a circular trajectory in the x − z plane or an
in-plane (ρ = 1), beating motion of the ribbon in the
x − y plane. However when 0 < ρ < 1, we observe a
series of complex dynamical phase of the ribbon. We
analyse these phases by characterizing the trajectory of
the end-segment with the help of principal component
analysis [52, 53] (PCA). Here the coordinates of the end
monomer of the middle filament are transformed accord-
ing to PCA [52, 54, 55]. We find two of the principal
coordinates X1 and X2, which corresponds to the eigen-
vectors of the largest eigenvalues of the covariance ma-
trix. The magnitude of these two eigenvalues dominates
over the others. These two eigenvalues contribute nearly
90% in the sum of squares of all eigenvalues. In such a
case, dynamics can be expressed in terms of these two
5eigenmodes. Thus, PCA can help us to identify a pre-
dominant plane of motion of the free end.
Figure 4 displays the distribution of transformed coor-
dinates of end monomer in X1 and X2 space for various
range of ρ at fixed Pe = 10. Thus, it shows a continu-
ous change in trajectory from a circular to an elliptical
shape with an increase in ρ, and then to a butterfly shape
at large ρ ( see Fig. 4 a,b, and c). The transition from
the circular motion to the butterfly motion is mediated
by the distortion of a circular to an elliptical shape with
torsion rigidity in the range of ρ = 0 to 0.25. The change
in the trajectory is linked with the kind of dynamical
phases of the ribbon. The circular trajectory illustrates
the rotational motion, whereas the butterfly shape assists
our claim of a planar motion of the filament in the range
of higher torsional rigidity. In the intermediate regime of
ρ, transition from beating to rotational motion leads to
a large scale transformation of the trajectory.
The shapes in Fig. 4 can be understood from the oscil-
lation frequencies of PCA components and phase differ-
ence between their periodic motions as very much similar
to Lissajous figures. Here two dominant principal com-
ponents can be assumed as X1 = a sin(ω1t + φp) and
X2 = b sin(ω2t). In case of ω1/ω2 = 1 and φp = π/2, the
phase space of X1 and X2 becomes a circle/ellipse, which
we see in Fig. 4-a and b. Similarly, for the parameters
φp = 0 and ω1/ω2 = 1/2 it traces the butterfly shape
on X1 and X2 plane as shown in Fig. 4-c in the beating
phase.
C. Binormal Correlation
Our analysis of the ribbon trajectory shows that the
out-of-plane dynamics of the ribbon is suppressed in
the limit of ρ → 1. For a given ρ, the effective tor-
sional rigidity of the ribbon in equilibrium can be es-
timated by measuring the binormal vector correlation
Cb(s) = 〈bs+s0 ·bs0〉. The correlation of binormal vector
decays exponentially along the contour for Pe = 0, i.e.,
Cb(s) ∼ exp(−s/Lb), where Lb is the effective binormal
persistence length [48, 56, 57].
Now, we quantify the effect of active, compressive force
on the binormal-binormal correlation of a clamped rib-
bon, by calculating Cb(s) for various values of Pe and
ρ. We find that Cb(s) is qualitatively different for non-
zero Pe at ρ = 0 in comparison to the passive ribbon,
as it shows oscillatory behavior as a function of s (see
Fig. 5-a). The oscillatory behavior in Cb persists even
for non-zero values of ρ, until ρ . 0.25. Spatial oscilla-
tions in Cb indicates twist deformations [48, 56]. As the
appearance of these oscillations coincides with the out-
of-plane movement of the ribbon, we deduce that the
out-of-plane movement of the ribbon is accompanied by
significant twisting of the ribbon. Therefore, one can use
Cb as another indicator for the out-of-plane dynamics of
the ribbon. For ρ ≃ 1, we find Cb decays exponentially
with s even at large Pe, indicating negligible twisting of
the ribbon. The ribbon displays in-plane oscillations in
this regime as Fig. 5-b illustrates.
D. Dynamical Phases
In the previous section, we have identified the nature
of the dynamics of the ribbon through its terminus as a
function Pe and ρ. Here, we summarize dynamics of the
clamped active ribbon in the parameter space of ρ and
Pe. The in-plane-motion is accompanied by a significant
planar bending of the ribbon, whereas the out-of-plane
dynamics causes twisting of the ribbon. We quantify
these states by calculating two local geometric quanti-
ties, the bending parameter (χ
(b)
i ) and the twisting pa-
rameter (χ
(t)
i ). The local bending parameter is given as
χ
(b)
i =
∑3
j=1(t
i+1
j − tij)2, where tij is the ith tangent vec-
tor of the jth protofilament. The local torsional param-
eter χ
(t)
i = (bi+1 − bi)2, where bi is the local binormal
vector as shown in the Fig.1-a. We plot the χ
(b)
i and χ
(t)
i
in the form of a kymograph, which provides the spatio-
temporal variation of the respective quantities in Fig.6.
For Pe = 10, the bending kymograph indicates propaga-
tion of the bending waves from the basal end to the free
end of the filament for both ρ = 0 and ρ = 1, indicating
that the local bending energy of the ribbon oscillates pe-
riodically for both in-plane and out-of-plane oscillations.
However, the torsional kymograph shows no pattern in
the case of planar oscillations when ρ = 1, whereas it
indicates propagation of periodic ‘twisting waves’ in the
case of out-of-plane oscillations when ρ = 0.
The spatio-temporal pattern formed by both torsional
and bending parameters confirms the presence of out-of-
plane motion for ρ . 0.25 and beating motion for large
values of ρ. In order to quantitatively distinguish be-
tween in-plane and out-of-plane dynamics of the ribbon,
we define a global torsional parameter χt =
∑Nm
i χ
(t)
i .
It is evident from Fig. 7-a that χt remains close to zero
in a planar motion, but becomes a large number for out-
of-plane movements. We find that χt increases linearly
for small ρ = 0, 0.1, and 0.25 (see Fig. 7-a). In the limit
of ρ > 0.25, χt is almost constant with Pe and exhibits
negligible change. Thus, χt serves as a good indicator for
the out of plane motion of the ribbon.
We use the magnitude of geometric parameter χt as a
parameter to quantify the out-of-plane movement in the
parameter space of Pe and ρ. Figure 7-b displays a phase
diagram for dynamical phases with help of color map,
which shows variation in χt in different phases. In the
diagram, we only indicate those points which provide os-
cillatory dynamics, i.e., only the values of Pe larger than
the critical value. The grey shaded area corresponds to
in-plane beating motion, whereas the unshaded region
corresponds to the rotational phase. From the phase
curve, it shows the large global torsional parameter in
the rotational phase (red) and small in the beating phase
(blue).
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FIG. 4. The distribution of largest two eigen-modes of the end monomer in the PCA transformed space at Pe = 10, for ρ = 0
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FIG. 5. The correlation of binormal vector Cb(s) for the tor-
sional parameters ρ = 0 (a) and ρ = 1 (b). Here, s = 0
indicates the clamped end of the filament.
E. Role of anisotropic friction
Hydrodynamic interactions are ignored in our simula-
tion, however it plays an important role for the active
matter and self-propelled systems [58–60]. In case of the
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FIG. 6. Kymograph for the bending energy for ρ = 0 (a)
and ρ = 1 (b), respectively at Pe = 10. Kymograph for the
torsion parameter for ρ = 0 (c), and ρ = 1 (d), respectively
at Pe = 10. Time (τ ) is along y-axis and x-axis is the arc
length s in all plots.
rod-like filament, friction is anisotropic in the presence of
hydrodynamic interactions. Our approach assumes fric-
tion to be isotropic thus diffusion too. To verify the uni-
versality of our results, we incorporate anisotropic fric-
tion to be in the same framework of our simulations, in
the absence of hydrodynamic interactions. Thus, the
friction parallel and perpendicular to the bond-vectors
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FIG. 7. a) The torsion parameter χt as a function of Pe
for various ρ. b) Phase-diagram showing different dynamical
phases in the parameter space. Grey shaded area shows the
parameter regime for the beating motion, where as rest of the
area shows rotational regime. Color code for circles is based
on the torsion parameter χt. Stationary states at low Pe are
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are taken to be γ⊥ = 2γ‖, similar to a filament in sol-
vent [61, 62]. This effectively modifies diffusivity of the
filament in both directions, and mimics the role of hydro-
dynamics in a very averaged manner. We present here
results for ρ at 0, 0.25, and 1, and vary Pe´clet number to
study the behavior of the filament with new protocol.
We present the oscillation frequency of the filament in
Fig. 8 under assumption of anisotropic friction. It dis-
plays that oscillation frequency ω varies with power law
as ω ∼ Pe4/3 with exponent similar to the isotropic fric-
tion case, for ρ = 0, 0.25 and 1.0. Although values of
the oscillation frequencies are different than the isotropic
case, however the characteristic features of the results
are same. The beating phase and rotational motion is
also observed here, thus the results presented in this ar-
ticle are consistent with the anisotropic friction of the
filament.
100 101
Pe
10-3
10-2
10-1
ω ρ=0
ρ=0.25
ρ=1
Pe4/3
FIG. 8. The frequency of periodic motion of the filament with
active force for the anisotropic friction for various strength of
torsion parameter ρ. Solid line shows the power law behavior
of the curves as, ω ∼ Pe4/3.
IV. SUMMARY AND CONCLUSIONS
In this article, we have presented a systematic study
of the dynamics of an active ribbon, clamped at one end
which oscillates due to the follower force mechanism. We
have identified the mechanical regime in which the mod-
elled ribbon mimics the flagellar motion. We have also
analyzed both in-plane and out-of-plane oscillatory mo-
tions of the ribbon. The torsion parameter acts as a
control parameter in the model, which dictates the tran-
sition from in-plane to out-of-plane movement.
We have characterized the periodic oscillations of the
ribbon by three different measurements. First, we have
calculated the oscillation frequency, which follows the
scaling relation ω ∼ Pe4/3 for all values of the torsional
parameter ρ. We observed only a weak dependence of
ω on ρ. The qualitative difference in the oscillations is
manifested in the distributions of angle between clamped-
to-free end vector and vertical axis. While the planar
beating motion is linked to a broad distribution of angle
θ, the rotational motion leads to a peak about an angle
θ > 0. The width of the distribution increases with Pe.
Third, we have visualized the transition from in-plane to
out-of-plane motion by analyzing the trajectories of the
free-end segment of the ribbon on the PCA transformed
planes. By this, we have shown that the trajectory of
the free end of the ribbon exhibits intricate dynamical
patterns, including butterfly, elliptical, and circular tra-
jectories.
Finally, we have identified the regions in the parame-
ter space defined by Pe and ρ, where different types of
oscillations take place. For this purpose, we have esti-
mated the binormal correlation Cb(s) and a geometric
torsional parameter χt. Oscillations in Cb(s) identifies
the rotation of the filament. Our analysis reveals that
the planar beating and the rotational motion depend on
8torsional rigidity of the ribbon (via ρ) as well as the com-
pressive force (via Pe). For small values of ρ, filament
shows rotational motion for all values of Pe, whereas at
large ρ the ribbon exhibits beating motion. At the in-
termediate values of ρ, the oscillatory behavior depends
crucially on the magnitude of Pe. We have also shown
that torsional energy shows periodic oscillations as a con-
sequence of the rotation of the filament, which disappears
in beating phase, whereas planar bending energy always
exhibits periodic behavior.
Our study provides an insight into how the oscilla-
tory dynamics of a beating filament changes qualita-
tively by altering the strength of internal elastic elements.
This study helps to design the synthesis of artificial flag-
ella/cilia to be used in micro-scale structures. Although
the internal driving mechanism of natural flagella/cilia
are fundamentally different, our study hints at the im-
portance of the arrangement of the structural elements
in determining their planar beating dynamics. We also
show that by tuning the torsional rigidity of a beating
filament, one can qualitatively alter the oscillatory pat-
tern of a filament. An eukaryotic flagellum beats due to
the active stress generated on the axoneme by molecular
motors [37, 38, 63, 64]. Simulation models including ex-
plicit coarse-grained motors acting on the assembly of fil-
aments may provide more insights into dynamical states
of the axoneme. It’s worth to consider such systems in
the future studies in a more intricate manner.
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SUPPLEMENTARY TEXT
The binormal persistence length (Lb) of the ribbon for
various torsional strength ρ is displayed in the Fig. SI-1.
It is estimated from the binormal-binormal correlation
given as, Cb(s) = 〈bs+s0 · bs0〉 ∼ exp(−s/Lb). Interest-
ingly, the persistence length varies linearly with ρ. The
increase in the persistence length suggests the strength-
ening of torsional rigidity of the ribbon with ρ.
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FIG. SI-1. a) Binormal persistence length for various ρ =
κt/κb ratio. b) Ratio of amplitudes in the direction of beating
plane and perpendicular to the beating plane.
The ratio of mean of amplitudes of the periodic mo-
tion on the x-z plane defined as ǫz/ǫx (the direction along
beating plane, and perpendicular to the beating plane)
as shown in Fig. SI-1-b. If this ratio is small, it sug-
gests amplitude in x-direction is much more than that in
z-direction, and the trajectory is linear along x-axis. If
this ratio is close to one, it suggests that amplitudes in
x-direction and in z-direction are same, and the trajec-
tory can be circular. For lower values of ρ, i.e. ρ = 0, 0.1,
amplitudes is close to one, therefore shape of trajectory
is nearly circular. Further, intermediate value of ρ = 0.25
gives elliptical trajectory. For ρ = 0.25, ǫz/ǫx grows from
a small value to one, and eventually reaches to the transi-
tion towards the butterfly to elliptical trajectory. For the
higher torsion ratio, i.e., ρ > 0.5, ǫz/ǫx is very small sug-
gesting motion is on the x-y plane only, this suggests end-
monomer moves nearly along the x-axis. With Pe, ǫz/ǫx
shifts progressively towards the higher values. The tra-
jectory of the end monomer may become circular again
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in the large compressive force limit. This also confirms
that the transition between beating to rotation is not sud-
den, it changes continuously with increasing compressive
force. As Fig. SI-1-b suggests, transition from beating
to rotation follows the path of butterfly to circular via
elliptical trajectory.
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FIG. SI-2. a) Time-series of the azimuthal angle and variation
of x component of the terminus end for Pe = 10 and ρ = 0.
b) Frequency of oscillation ω obtained from the bending ()
and torsion (•) energies as a function of Pe.
We present here the discussion and the quantification
of oscillation frequency through deflection of the ribbon
in x-direction. The deflection is caused by bending of
the filament, therefore measured frequency in this way
quantifies only bending oscillations. Further, we analyse
the oscillation frequency via the azimuthal angle of the
ribbon’s terminus end. This quantity can provide out-of
plane oscillations at small ρ. In this limit, i.e., at ρ = 0
the oscillation of azimuthal angle coincides with the
oscillation in x-deflection as illustrated in Fig. SI-2-a.
When ρ ≃ 0, we observe local oscillations in the torsional
parameter χti as given in Fig. 6-c of the main text. The
frequency of oscillations in bending energy is computed
by the Fourier transformation of the time evolution
of χb(t) for different values of Pe. Similarly, we also
obtain frequency from oscillation in torsional energy
χt(t). Frequencies from torsional and azimuthal’s angle
coincides with the bending frequency Fig. SI-2-b.
